Abstract. The purpose of the paper is to define a fixed point index for equivariant maps of G-ENR's and to state and prove some of its properties, such as the compactly fixed G-homotopy property, the Lefschetz property, its converse, and the retraction property. At the end, some examples are given of equivariant self-maps which have a nonzero index (hence cannot be deformed equivariantly to be fixed point free) but have a zero G-Nielsen invariant.
Introduction
The aim of the paper is to define an equivariant fixed point index for compactly fixed G-maps f : U → X, where U is an open G-subset of the G-ENR X, and G is a compact Lie group. The main point is to try to mix the ideas of the Hopf-Dold (equivariant) fixed point index I (see e.g. [5] , [7] , [21] ) with Nielsen fixed point theory (as done in [9] ). While the Hopf-Dold fixed point index is invariant under suspension, i.e. it is defined up to stable equivalence of maps, the Nielsen number relies on a more truly homotopical approach, being invariant only up to homotopy. The motivation in introducing the Nielsen number is the following: if I(f ) = 0 then each (compactly fixed) map f stably equivalent to f has at least one fixed point, and this implies that every map f homotopic to f has at least a fixed point; one wants to know when the converse of this last statement is true (i.e. when I(f ) = 0 implies that f can be homotopically deformed to be fixed point free), and to compute a lower bound of the number of its fixed points.
The (local) Nielsen number N (f ) of a compactly fixed map f plays a central role whenever dealing with both these problems (for the definition and details please refer to [16] , [2] , [9] and [13] ; for more recent surveys see [3] , [12] ): it is an integer, invariant up to (unstable) homotopy, with the following two main properties:
(1) N (f ) is a lower bound of the number of fixed points of f . (2) (Wecken property): if M is a manifold of dimension ≥ 3 then there exists a compactly fixed homotopy f t such that f 0 = f and f 1 has exactly N (f ) fixed points.
As a consequence, the Converse of the Lefschetz property holds whenever the dimension of M is ≥ 3 and I(f ) = 0 implies N (f ) = 0 (e.g. if M is a Jiang space of dimension ≥ 3). On the other hand it is not difficult to find examples of maps with I(f ) = 0 and N (f ) = 0. As the Hopf-Dold fixed point index is therefore the best index in the stable category, somehow the Nielsen number (and the related algebraic generalized Lefschetz number) is more adequate to the ordinary unstable homotopy category.
The same happens in the equivariant settings: the Lefschetz-Dold equivariant fixed point index is stable, and it is unique among all the indexes with this property (cf. e.g. [5] , [7] , [21] ), as e.g. the equivariant Lefschetz class defined by Laitinen and Lück in [19] , or Komiya [17] , [18] , while other invariants such as the equivariant Lefschetz number defined by Wilczyński in [25] or the G-Nielsen invariant and the equivariant Nielsen number by Wong in [26] , [27] are unstable.
Here we define an unstable equivariant fixed point index (i.e. it is invariant up to compactly fixed G-homotopy but not up to stable G-equivalence), and we prove some of its properties, following the lines of [5] . It is very close to the equivariant Nielsen number of [26] , [27] , but it is not the same index, as it is readily seen from the definition. One of the differences is that it does not count the number of fixed points, as local Nielsen numbers do, but it only tries to detect when there must be at least one fixed point (the Lefschetz property in Proposition 4.13). Also, under some mild assumptions a kind of converse of the Lefschetz property holds, as shown in Section 4.4. Another difference is that it is invariant up to compactly fixed G-homotopy, whereas the equivariant Nielsen number needs the homotopy to be G-compactly fixed.
In Section 2 we start by defining the Reidemeister set; we follow a nontraditional approach, suggested by M. Citterio in [4] , allows to simplify some proofs of its properties. Section 3 is devoted to the definition of the nonequivariant fixed point index, which is very close to the local Nielsen number of Fadell and Husseini in [9] . The equivariant fixed point index is then defined in Section 4, with some of its common properties. At the end, in Section 5, some examples are given, which can be of some interest by themselves. It is shown that even if for every isotropy group H ⊂ G the G-map f H : X H → X H can be deformed to be fixed point free, where X is a smooth G-manifold and G a finite group, the G-map f may not be deformed equivariantly to be fixed point free.
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The Reidemeister set R(f )
There are several ways to define the Reidemeister trace and the Nielsen number: using covering spaces, obstruction theory and others. Here we modify a little the standard definitions, in order to simplify some proofs. Instead of considering the Reidemeister classes in the fundamental group, or as classes of liftings to the universal covering space of the given map, we give an alternate equivalent definition after introducing the (equalizer) space E(f ). Further details can be found in [4] .
The space E(f )
. Let X be a topological space, U ⊂ X a subset of X and f : U → X a continuous map. Let I denote the unit interval I = {t ∈ R : 0 ≤ t ≤ 1} and X I the space of all the maps λ : I → X with the compact-open topology. Then the evaluation map ε 0,1 :
is a fibration, and we can look at the
where the map (i, f ) is defined by (i, f )(x) = (x, f (x)) for all x ∈ U and E(f ) := U X I is homeomorphic to the space of all the paths λ : I → X such that
Properties of E(f ).
The space E(f ) has a quasi-functorial behavior, in the following sense. Let X and Y spaces, U ⊂ X and V ⊂ Y subsets of X and Y , and f : U → X, g : V → Y two maps. Let W ⊂ X be another subset of X, and k : W → Y a map. Then the composite maps kf and gk are defined resp. on f
Under these hypotheses, we are going to define a map
there is a pull-back diagram
induced by the inclusion W → X. On the other hand, there is a map φ :
A particular case is e.g. when U ⊂ V ⊂ X = Y , and f : V → X. Then the identity map 1 X : X → X induces a map which we denote with ρ V := 1
Let {f t } : U × I → X be a homotopy. Let F : U × I → X × I be the fat homotopy, defined by F (x, t) = (f t (x), t) for all (x, t) ∈ U × I. Then for each t ∈ I the inclusion i t : X → X × I, which sends x to (x, t), induces a map i
same component in E(f ) if and only if there is a path λ : I → U such that λw 2 = w 1 f (λ) (in our notation, given two paths λ 1 and λ 2 , the path λ 1 λ 2 is the path defined by λ 1 λ 2 (t) = λ 1 (2t) when t ∈ [0, 1/2] and = λ 2 (2t − 1) when t ∈ [1/2, 1]). Given an element w of E(f ), we will denote with [w] its component in R(f ), also called class, as [w] .
For any path-connected component U i of U such that f U i is in the same path-connected component of U i in X, let us choose a base-path w i , i.e. a path in X such that w i (0) ∈ U i and f w i (0) = w i (1) . Let A denote such a set of components of U . Then for every i ∈ A, the fundamental group π 1 (U, w i (0)) acts on π 1 (X, w i (0)) as follows (this action can be called fundamental action, or Reidemeister action): given the elements g ∈ π 1 (U, w i (0)) and α ∈ π 1 (X, w i (0)),
where we denote a path and the corresponding homotopy class of paths with the same symbol.
There is a bijection between the Reidemeister set R(f ) and the disjoint union of the orbit sets
Proof. Let us consider the following maps: for any point w in E(f ), w(0) belongs to exactly one U i . Therefore there exists a path
i . It is easy to see that the orbit of this element in π 1 (X, w i (0)) does not depend upon the choice of λ; moreover, this map is locally constant for all i, hence induces a map ψ :
On the other hand, for each i ∈ A, there is a map ϕ : π 1 (X, w i (0)) → R(f ), which sends a loop α to the connected component of
is in the same path-connected component of αw i , and hence ϕ induces a map on i∈A π 1 (X, w i (0))/∼. It is now easy to see that ϕ is the inverse of ψ and vice-versa.
Properties of R(f ).
The properties of E(f ) give rise to properties of R(f ) in a natural way. The first thing to do is to observe its quasi-functorial
is the image of the map
induced by the inclusion. The map k * is well-defined, because whenever w 1 and w 2 are points of E(f :
Let {f t } : U × I → X be a homotopy. Let F : U × I → X × I be the fat homotopy, defined by F (x, t) = (f t (x), t) for all (x, t) ∈ U × I. Then for each t ∈ I the inclusion i t : X → X × I, which sends x to (x, t), induces a map i t * : R(f t ) → R(F ). Because of Proposition 2.1, the following proposition holds.
The following two propositions are easy consequences of the definition.
The index I(f )
Let X be an ENR, U ⊂ X an open subset of X and f : U → X a compactly fixed map, i.e. a map such that Fix(f ) is compact. We define an index of f as an element of a suitable commutative ring R with unity.
The ring R. Let R
+ be the set of all functions defined from finite sets to Z * = Z − {0}, i.e. functions with finite domain and non-zero integer values, with the following equivalence: when there is a bijection b between the domains of two such functions φ and φ such that φb = φ , then φ ∼ = φ . We use the symbol z j to denote the function z j : { * } → j ∈ Z * for all j ∈ Z * , and the symbol 0 to denote the function with empty domain. We can define a (commutative and associative) sum and a (commutative and associative) product on the set R + : given two functions φ 1 : S 1 → Z * and φ 2 : S 2 → Z * , which determine equivalence classes φ 1 and φ 2 in R + , let
on the disjoint union of S 1 and S 2 , and let φ 1 · φ 2 be the class of the function
Thus R + has a structure of (commutative) monoid with respect to both these operations, and the distributive law holds. The element 0 defined above is the (additive) zero and 1 := z 1 is the (multiplicative) unity. Let us note that
Every element of R + can be written as a sum j∈Z * k j z j where k j are positive integers, non-zero for a finite set of j's.
Let R be the Grothendieck ring with respect to the sum of R + , i.e. the set of all the formal sums j∈Z * k j z j where k j are integers, non-zero for a finite set of j. With the sum and the product induced by R + it is a commutative ring with unity 1 = z 1 .
It is worthwhile to note that Z * is a multiplicative monoid, and thus the monoid-ring Z[Z * ] is well-defined, and it isomorphic to R in an obvious way.
Using prime factorization, we can see that R is generated by the elements {z p } with p prime ≥ 2 and p = ±1.
Later we will see the topological meaning of such a representation of R: a map with 2 fixed point classes of fixed point index −12 and 7 fixed point classes with fixed point index 13 will give rise to an element of R written as 2z −12 + 7z 13 = 2z −1 z 2 2 z 3 + 7z 13 . There are two homomorphisms t, N : R → Z, the trivialization homomorphism t defined by t(φ) = z φ(z) where z ranges on the domain of φ, and the norm homomorphism N defined by N (φ) = #supp(φ), i.e. it is the cardinality of the support of φ. The first preserves the additive structure of R, the second preserves also the multiplicative structure. In Z[Z * ] they correspond to the homomorphisms given by t :
Sometimes we will deal with functions with finite support, but with a larger domain. In this case, we just take the restriction of the function to its support, and associate to it an element in R. 
The definition of I(f
defined (see e.g. [6] , [5] ). Because it does not depend on the choice of W , but only on ξ, we write I(ξ). The fixed point classes with non-zero index are called essential, the others inessential. The number of essential fixed point classes is the (local) Nielsen number of f . It is worthwhile to note that two fixed points x and y belong to the same fixed point classes if and only if there is a path c : (I, 0, 1) → (U, x, y) which is homotopic to f c rel. endpoints. We now define the generalized index of f as the index in R given by the function
restricted to its support. The support is finite because Fix(f ) is compact, and so it gives rise to an element of R. The trivialization t(I(f )) is the classical Hopf index I(f ), while the norm N (I(f )) is the local Nielsen number.
It is easy to see that I(f ) is a kind of symmetrization of the local generalized Lefschetz number (also known as Reidemeister trace) L(f ) :
, where ZR(f ) denotes the free Abelian group generated by the elements of R(f ), which is isomorphic to the group of all functions φ : R(f ) → Z with finite support. In fact, let s : ZR(f ) → R be the unique map which sends the function φ : R(f ) → Z to its equivalence class in R. Then by definition s(L(f )) = I(f ). For details on the generalized Lefschetz number, and its local version, the standard references are [13] and [11] . Remark 3.1. As suggested by the name itself, the generalized Lefschetz number (Reidemeister trace) is first defined as a trace-like quantity, also for local maps (see [11] ). In our setting, for the sake of simplicity we don't use algebraic traces; the approach tries to be closer to the classical local fixed point indices of [5] . Of course in computations very often the traces are the only possible way to get actual computations.
Properties of I(f ).
The index I has some properties, which are analogous to the properties of the fixed point index I of [5] . Let f : U ⊂ X → X be a compactly fixed map, U open in X and ENR (this is of course true if X is an ENR).
Let φ ∈ R be an index defined on a finite set S. If S is a set and ρ : S → S is a map, then it is possible to define an index ρφ as follows: let φ : S → Z be the function φ (s ) := s:ρ(s)=s φ(s); it has a finite support, hence the restriction of φ to the support is a unique element of R. Definition 3.2. A graph Γ U in U such that every connected component of Fix(f ) has a vertex of Γ U , and every two connected components of Fix(f ) which are in the same Nielsen class are connected by an edge of Γ U is called the UNielsen abstract graph for f (or, in short, Nielsen abstract graph). Each vertex of Γ U has an index, namely the fixed point index of the corresponding connected component of Fix(f ). A connected component of Γ U is essential or inessential according to whether the sum of the indexes of its vertices is non-zero or zero, respectively. The essential U -Nielsen abstract graph Γ U for f is the union of the essential connected components of the U -Nielsen abstract graph Γ U .
A map Λ : Γ U → X which sends edges of Γ U to Nielsen paths in X (i.e. paths which are homotopic to their images under f ) and vertices to fixed points (that belong to the corresponding Nielsen class) is called a Nielsen graph Γ U . (It is an abuse of notation, because actually it is not a graph.)
Let us note that there exists always at least one essential U -Nielsen graph, for any map f : U ⊂ X → X. Proof. By the previous proposition, there exists an essential U -Nielsen graph in W . Hence the same holds for each V ⊃ W in U .
then it is easy to see that ρ W induces a bijection between the supports of I(f ) and I(f |W ). On the other hand, let us consider an essential
Proof. When f is constant, there exists at most one essential fixed point class, and its index I(f ) is 0 or 1 according to whether f U ∈ U or f U ∈ U .
Proof. This follows from Proposition 2.6 and the same property for the index I. Here the sum is the (disjoint) sum in R. Proof. Again, in view of Proposition 2.7 and the same property for the index I, we get the result. Notice that the product on the right hand side is in R. Proof. Let F : U × I → X × I be the fat homotopy, defined by F (x, t) = (f t (x), t) for all (x, t) ∈ U × I. Then for each t ∈ I the inclusion i t : X → X × I, which sends x to (x, t), induces a bijection i t * : R(f t ) → R(F ), because of Proposition 2.5. Hence the fixed point classes of f t are exactly the intersections of the fixed point classes of F with the slice X × {t}. But by the Homotopy Invariance of I, the index of the t-fixed point class does not depend upon t, hence the thesis.
The following is an easy consequence of Propositions 3.8 and 3.3. 
Proof. Let us consider the following diagram,
where ρ 1 and ρ 2 are the localization functions, and k 1 * , k 2 * are the functions induced by k 1 and k 2 . Because we have assumed that
the function ρ 1 is a bijection between the supports of I(k 2 k 1 |k
2 U 1 ) and I(k 2 k 1 ). The same holds for ρ 2 and I(k 1 k 2 ). Therefore the functions k 1 * ρ
for all w in E(k 2 k 1 ), hence the composition is the identity map. In the same way k 1 * ρ
is the identity on R(k 1 k 2 ), and hence also k 1 * and k 2 * are bijections. Now, because of commutativity property for the index I, k 1 * is indexpreserving, i.e. for all ξ ∈ R(k 2 k 1 |k
2 U 1 ) the equality I(ξ) = I(k 1 * ξ); and the same holds for k 2 * . Therefore the equalities
hold, i.e. the thesis.
Unlike the index I, the commutativity property does not hold in general, for the index I, without the hypotheses of the previous Proposition, as shown in the following example.
Example 3.11. Let X 1 = X 2 = X be the complex plane C and 
I(ξ) = I(i * ξ) for all ξ ∈ R(f ), and hence I(f ) = I(f ).
Let us consider R(f ), where f : U ⊂ X → X. It is a set, hence it makes sense to define the Abelian group ZR(f ) of all the finite-support functions φ :
R(f ) → Z, with the sum + given by (φ + φ )(ξ) := φ(ξ) + φ (ξ) ∈ Z for all ξ ∈ R(f ). The generalized (local) Lefschetz number L(f ) is defined as the function L(f ) : ξ → I(ξ).

Proposition 3.13 (Union). Let f : U ⊂ X → X be a compactly fixed map, and let U 1 and U 2 be open subsets such that
where the sum is in Z. Moreover, the equalities
and
follow by the definition of the localization functions.
Let us consider in U a neighbourhood W of the fixed point class cd
by additivity of I. Therefore the conclusion follows from the following identities,
because if x ∈ Fix(f |U 1 ) has the coordinate such that ρ 1 cd(x) = ξ, then x ∈ W , and the same for f |U 2 and f |U 1 ∩ U 2 .
Remark 3.14. As noted above, with Proposition 3.13 it is easy to prove a push-out formula for the generalized Lefschetz number (see [8] ).
The index I G (f ) of a G-map
Now we carry on the definition of I(f ) to the case of equivariant maps. Let G be a compact Lie group and X a G-ENR. Let U ⊂ X be an open G-subset of X, and let f : U → X be a compactly fixed G-map. In order to define the equivariant index I G (f ) of f , it is necessary to introduce the definition of taut maps and weakly taut maps. Definition 4.1. We say that a G-map φ is taut over A if there exists a Gretraction r : V → A such that φ = φr. If φ is defined on a G-set W ⊃ V , we say that it is taut over A in U when its restriction to U is taut over A. 
Taut maps and taut approximations. Let
The definition makes sense only when A is a G-neighbourhood retract in Y . We now see that if Y is a compact G-ENR, and A ⊂ Y is a neighbourhood retract, then any self-map can be approximated by maps which are taut over A in a neighbourhood of A in Y . Let d denote an invariant metric on Y . A homotopy F : Y × I → Y is called an ε-homotopy (or ε-deformation) provided that d(F (x, t), F (x, t )) < ε for all x ∈ Y and t, t ∈ I.
Proposition 4.2. Let Y be a compact G-ENR, and A ⊂ X a neighbourhood retract. Then for each ε > 0 there exists a G-neighbourhood V of
For each ε > 0, we say that a G-map f is a taut ε-approximation of f if there exists an equivariant ε-deformation f t , t ∈ I, such that f 0 = f , and f 1 = f is taut.
Proposition 4.4. If C is a compact G-ENR, and f : C → X is a G-map, then for any ε > 0 there exists a taut ε-approximation of f .
Proof. Because f is defined on the compact set C, it suffices to prove the proposition for the identity 1 C : C → C. Let τ 0 = 1 C . We want to define an ε-approximation of 1 C , i.e. to extend τ 0 to C × I such that τ H 1 is taut over C H s . We use induction over orbit types. For details about this procedure, see e.g. [25] , [21] , [10] 
Weakly taut G-maps and the definition of I G (f ). Let G be a compact Lie group, X a G-ENR, U
⊂ X an open subset, and f : U → X a compactly fixed G-map (i.e. Fix(f ) is compact). As shown e.g. in [26] , it could be possible to define an equivariant index of such an f , just by taking the sum (in R) of all the indexes I(f |U H ), but the resulting element of R should not be a compactly fixed G-homotopical invariant of f (there are simple examples of compactly fixed G-deformations of a map which do not preserve such an index), but only a Gcompactly fixed invariant. Nevertheless, there is a class of maps which behaves well with respect to compactly fixed G-deformations. Definition 4.6. We say that a map ϕ : U → X is weakly taut if it is compactly fixed in U and for each isotropy group
We say that ϕ : U → X is weakly taut around Fix(f ) if there exists a G-neighbourhood V of Fix(f ) in U such that the restriction ϕ|V is weakly taut.
It is easy to see that a compactly fixed taut G-map is weakly taut, while the converse need not be true. Now we start defining the index for maps which are weakly taut around the fixed point set, and later we will show how to extend the definition to all the compactly fixed G-maps.
We say that an isotropy group H ⊂ G is w-finite when its Weyl group W H is finite. Let us consider the set of conjugacy classes of w-finite isotropy groups in G for U ⊂ X, Iso w (G, U ), and let we choose a given isotropy group H in each conjugacy class (H) ∈ Iso w (G, U ).
Definition 4.7. Let U ⊂ X be a G-ENR, subspace of the G-space X, and let f : U → X be a compactly fixed G-map, weakly taut around Fix(f ). Then we define its equivariant index
where
The definition makes sense, because there are only a finite number of elements in Iso w (G, C) In order to extend the definition to a general compactly fixed G-map, we need the following Lemma, the homotopy property for weakly taut maps. 
Proof. Let O be a neighbourhood which retracts on U in a G-Euclidean space R n and G-retraction r : O → U ; let i : U → O denote the inclusion, and let us assume U to be closed in O. Because f t is compactly fixed, there exists This map extends trivially to a map τ 1 :
If ε is small enough, this map extends to a map Ξ : O × I → O × I which is the identity outside K × I and which adds no new fixed points (we only have to check in K × I \ C × I), by the Tietze-Gleason Theorem (for details see e.g. [25] [25] , and independently by K. Komiya in 1987 [17] , [18] in a different form (on smooth G-manifolds) . Here we give a modified proof, closer to our needs and notation, which gives the same result on an arbitrary G-ENR. The concept itself of weakly taut maps is implicit in the papers [25] , [17] , [18] .
A similar result (using transverse foliations on manifolds) has been presented also by Balanov-Kushkuley in [1] .
With the following proposition we show that every G-map can be approximated by weakly taut maps; this will be the key step in order to define the index I G of an arbitrary map. Finally, now we can define the index I G of an arbitrary compactly fixed G-map f : U → X. Definition 4.11. Let X be a G-space, U ⊂ X a G-ENR, open subset of X, and f : U → X a compactly fixed G-map. Let f any compactly fixed Gdeformation of f which is weakly taut around its fixed point set Fix(f ). Then we define
The definition makes sense, because any compactly fixed map f has at least one weakly taut approximation, via a compactly fixed G-deformation (by Proposition 4.10), and any two such deformations, say f and f , have the same index I G (f ) = I G (f ) because of Lemma 4.8.
Properties of I G (f )
. The properties of the equivariant index I G are similar to the properties of the non-equivariant index I. We begin with the following two propositions, which are the most important, and also the easiest to prove (it suffices to apply definitions).
Proof. Let h be a weakly taut approximation of f . Then h is G-compactly fixed in the sense of [26] , and it is easy to see that, because I G (h) = 0, the equivariant Nielsen number N c G (h) = 0, as defined in [26] . Now it is easy to modify the proof of Theorem A of [25] , using Theorem 4.3 and Corollary 5.7 of [26] , in order to get the result. We omit the details.
Remark 4.21. There is a point, that in [26] the assumption is that U is a G-complex of type S, instead of a W-G-complex as we have done. But it can be seen from the paper [15] that it suffices to assume U to be a W-G-complex to get the result. Furthermore, the modification of the proof of Theorem A of [25] to this Nielsen environment is not completely straightforward, but essentially it involves well-known techniques in Nielsen fixed point theory; this is the reason for which we have omitted the details.
Remark 4.22. Another point is that the equivariant Nielsen number N c G (f ) of Wong, whenever f is weakly taut around its fixed point set, (and therefore a G-compactly fixed map), is zero if and only if the index I G (f ) is zero; one might suspect that they are equivalent. This is not the case. The main difference is that I G (f ) is defined for all compactly fixed G-maps, and it is a G-homotopy invariant, while the latter is defined only on G-compactly fixed maps, and the deformations must be assumed to be G-compactly fixed too, as pointed out e.g. in Remark 2.7 of [26] . Moreover, in [26] , Example 8 exhibits a G-compactly fixed map with non-vanishing N Proof. Every such a G-manifold can be triangulated, by [14] , hence we can apply Proposition 4.20.
Some examples
In this section we show how it may happen that I G (f ) = 0 for a self-map f : X → X defined on a smooth G-manifold, even if the G-Nielsen invariant of f on M is zero, i.e. even if for each isotropy group H the Nielsen number In the previous example the property is essentially a group property of the group G (the so-called gap condition in the dimension function of the representation ring is not fulfilled for the 3-dihedral group 
and gx := x if x ∈ c. We may as well embed X 0 in the Euclidean 3-space R 3 = {(x 1 , x 2 , x 3 ) : x i ∈ R} so that G is the group generated by the reflection 3 and c is contained in the plane {x 3 = 0} (see Figure 2) . with an abuse of notation we identify a with the path a : (I, ∂I) → (a, x 0 ) and the equality is intended as an equality of homotopy classes rel. endpoints of paths. Moreover, let f 0 be the identity on c; there exists a unique G-map extending this map to the whole X 0 and it is still denoted by f 0 . We may assume f 0 to be taut over {x 0 } in a small neighbourhood of x 0 and linear. It is easy to see that we can ε-deform f 0 in an equivariant way so that it has 4 fixed points x 1 , x 2 in a and y 1 , y 2 ∈ b of index respectively +1, −1, +1, −1 and y 1 = gx 1 , y 2 = gx 2 (and with an abuse of notation we still call f 0 the deformed map). Now by taking a small G-neighbourhood of X 0 in R 3 we can find a compact smooth 3-manifold M (with boundary) which retracts on X 0 , as in Figure 3 . It is also easy to see that X 0 can be moved to the boundary of M equivariantly, and we define X to be the boundary of M . Let r : X → X 0 be the G-retraction and i : X 0 → X the inclusion. The G-surface X is closed compact and G-smooth. Let f := if 0 r be the composition of f 0 with i and r.
We want to show now that the Nielsen numbers N (f ) = N (f G ) = 0 (and
First notice that X G = c ∪ S 1 and that there are no fixed points in X G (by
Let us now look at the fixed point classes of f 0 in X 0 . There are at most two classes, {x 1 , y 2 } and {x 2 , y 1 }, because there is a simple path λ from x 1 to y 2 such that λ ∼ f (λ). But x 1 and y 2 have index +1 and −1 respectively, hence N (f 0 ) = 0. By commutativity, it follows that N (f ) = 0.
We now have to compute I(f |D) for any connected component of X (1) = X \ X s . Let D and D be the connected components of X (1) It is also easy to see that X G = S k−1 , X H1 = S k , and X G is an equator of X
H1
which is an equator of X (see Figure 4) . Let us start now with the antipodal map a k−1 : X G → X G , and its cone 
Moreover, looking at the degrees, the maps a k+1 and f have the same set of degrees deg(a H k+1 ) = deg(f H ) for every isotropy group H ⊂ G, while they are not G-homotopic. This is a well-known fact in equivariant homotopy of spheres; however, we included the example to show how the equivariant fixed point index might help in computations.
Remark 5.4. Looking at the examples above and at the definition of I G (f ) in Section 4, it is easy to see how to extend it to more general settings, like self-maps of stratified spaces, orbifolds or collared pairs. All the properties are carried out in the same way.
